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In other words, efficiency

apamidonsinga - <IN each case, an optimal solution can be
combinatorial object. . - .
found after exhausting all solution possi-
bilities that grow combinatorially with
Input size.
scieetion sort prtorms al - @, Selection sort does not check possible
key comparisons, in a sense,

smicioearncn o Orderings like a combinatorial view of sort-
sorting. .
iIng may suggest.

?
Next
L2 e = @, The Assignment Problem is different than
"< Lower bounds © KP and TSP in that, like sorting, it has

< Dechion probiems polynomial-bounded efficiency solutions.
% Polynomial reductions

© 2024 Dr. Muhammad Al-Hashimi KAU e CS-681 1
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For example, is 2" the

best we can do for the E:> Interesting queStion

Knapsack Problem? for
any algorithm, ever?

N What's the best possible efficiency

Argue about a class of

anms wnernrs—— fOr any algorithm to solve a given
| problem?

P2l Tight bounds - no room for improvement

nlogn
o8l

Q(n]ogn.)'-—--—--—--— % Definition an alg at proven |0wer bound Is known

others need to be mroven. ESK Examples list permutations of n distinct items?
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Sign of determinant depends IZ:> Revisit problem reduction

on which side of line point R

lies.
relative pos;
which side of line? — Ry =(x,,y2)
° °
R —

Rl ,R:(x,)’)

xl yl 1 =(x19)71)
X2 Y2 1| = X1Yyatxy1+x2y
X y 1 —XY2=X2 V1= X1 Y

compute a detevyv\iv;avxt;
hat's the sign

P<,Q :
manname D Reduction as solution startegy

instances of P to instances

in Q for all instances (i.e.,
get same result from either).

Id original problem P and its % Th i n ki n g m a P

question, reduced problem Q
and its equivalent question.

AN REdUCtion Pattern? typical places to look for answers?

© 2024 Dr. Muhammad Al-Hashimi KAU e CS-681 3
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Problem Reduction

P Unknown problem

X
Q Known problem o Reduce to Q use Q to solve P o

‘ﬁ

P<.Q - <m Xyl
— RN Sign [x, y> 1
R Q XV

transform

3
P~

Reverse direction

waguelimits  p Reduce known Q to P
Q<. P _
2 Q has a credible lower bound

obtained through P, then a ESN Tl'y tO use P tO SOIVe Q devise a transformation

proven tight lower bound
for Q must be wrong!

For sorting as Q, a reliably I . . . .
tight Q(n log n) applies to P as ESY Exal I |p €S... kp<, TSP? (easily, actually), implication?

=2 Other problems like P? next

more efficiently.
© 2024 Dr. Muhammad Al-Hashimi KAU o CS-681 4
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Reducibility

Practically, best known effi-

ciency of Q applies to all possible P
reduction targets (a class of 2
problems?).

An efficient reduction can serve
as a basis for an equivalence in
complexity. Either both sides
are efficient or not.

© 2024 Dr. Muhammad Al-Hashimi KAU e CS-681 5
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o [Computational] complexity

An existence question or,

mamore v comee, |11 €T ESEING question

to evaluate known algo-
rithms; either way, must

s e 1S there an “efficient” algorithm to solve
given problem?

Polynomial-bounded

algorithms solve majority A useful approaCh tO answer

of interesting problems in
a reasonable time, in most

sema ey Arbitrary but reasonable, based on
computation cost and usefulness:
run time behavior = cost

© 2024 Dr. Muhammad Al-Hashimi KAU e CS-681 6



cs681fig11-14.cdr
Thursday, May 9, 2024 11:29:04 AM
Color profile: Disabled

Composite Default screen

We know the steps

Useful Tools

Algorithm Types

leading to correct result. E:> DeterminiStic

Quiz

Give 3 examples of prob-
lems solved by a determin-
istic algorithm (name it).

Have a valid procedure to get result

? & Nondeterministic: 2 stages

(O

No steps need be specified to
obtain a no-cost guessed result

We must know steps to verify
that a result is correct, i.e.,
deterministically.

Exercise Z
Describe a nondeterministic
algorithm for the assignment
problem.

© 2024 Dr. Muhammad Al-Hashimi

- @ Guessing, suggest a result
@ Verification, a valid procedure

to check result

From Quiz, any problem with
polynomial-bounded solutions
can provide an algorithm, a
procedure for a self-verified
result, for use in step 2.

KAU o CS-681 7
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> Nondeterminsitic polynomial
> Tractable [problem]

O(p(n))

tamomisn o s POlynomial runtime = efficient
paper Paths, Trees, an

o @~  \Norst-case run time grows like a poly-

Can the Johnson-Trotter

e <= nomial of input size (n), or better

Exercise

Compare solutions of When is an algorithm emCient?

assignment problem via
exhaustive search or the

mnsin netet o - @, Deterministic, polynomial time ©

ciently?

treomemaet, % Non-deterministic, but to check #

mondeeminiicr: raglt is deterministic polynomial

© 2024 Dr. Muhammad Al-Hashimi KAU e CS-681 8
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Conclusion

Y guess o
)(p(n)
yes

| |
usable result % usable result

o\

mmnronne  Practically, a problem may not be solved

meaasams efficiently if no known deterministic
merarear " polynomial or no non-deterministic poly-
nomial algorithms exist, i.e., problem

intractable.

© 2024 Dr. Muhammad Al-Hashimi KAU o CS-681 9
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” Decision Problems

s bl I 23 L o .
e Definition, examples simple)
is a given integer prime?

Can a key be found in a

Problems with yes/no (1/0) solution

or accept/reject

o> Significance
auis o 2 Interesting problems can always be

How can sorting be formu-
lated as a decision problem?

@ vervions) formulated as decision (decision versions)
oot st ccson. 20 Consistent basis for theory to answer

problem form is convenient ; . . . .
mmimimecine. - questions about algorithm limitations

© 2024 Dr. Muhammad Al-Hashimi KAU e CS-681 10
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Decidability

> Intractability

o > Undecidable = no algorithm!

et manaemene@€NeErally rare, famous example: the halting
of the Halting Problem. -
problem by Alan Turing

> Decidable problems

% Tractable (= easy), or known hard
% Unknown (intractable? so far)

© 2024 Dr. Muhammad Al-Hashimi KAU e CS-681 11



Decision Problems
Examples

> Conjunctive (maxterm)

Composite Default screen

b ormps v SAtISTlability (SAT) ice, truth

(instances). Hint: see
description below.

{Boolean var}, , {Bool. clause}, ; is there a set of
true/false values such that all clauses are true?

A generic instance consists
of n variables + conjunctive X, CNF (con junctive normal form) = Boolean product-of-sums
(joined via AND) r clauses, oA 110D 1591 ‘om.
compos:(tihof subsetslof thet S . t Cex=prer ; ,,85 J,S‘,,A ,Sug
vars an eir complements (% a m I e I n S a n ces (d1qerysnyes) anay St J 13Yym
combined via OR (disjunc- p JusWIuSIsse ue 2191} S|
tively). (Sx+PX+0) - (P + X+ 1) =77
{Sx+_17x+_lx ‘T ‘rx+x+1x}
S{sxerrcex ey}

@ > Hamiltonian circuit

State the chromatic
number graph coloring

problem as a decision g Knapsack (?) decision version, template

problem.

© 2024 Dr. Muhammad Al-Hashimi KAU e CS-681 12
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A Note on Utility

6 Decision problems are too limited. Some
computational problems are not easily expressed as
decision problems. Indeed, we will introduce several
classes in the book to capture tasks such as computing
non-Boolean functions, solving search problems,
approximating optimization problems, interaction, and
more. Yet the framework of decision problems turn
out to be surprisingly expressive, and we will often use

it in this book. *°
Sanjeev Arora and Boaz Barak

ISBN-13 : 978-0521424264

© 2024 Dr. Muhammad Al-Hashimi KAU e CS-681 13
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A Classification

o> Complexity class

Tractable problems are

“easy since we know how £ S€T Of (deterministic) polynomial

to solve them efficiently

(i.e., feasible for all deCiSion pl‘()blems, P

instances).

PCcNP

A valid procedure must

> Set of nondeterministic polynomial
(cner computea o 1 aven,— lecision problems, NP

verified at least) in reasonable

time.
?

ggzggggéggge}’gggceﬂ> Neither clearly in P nor out-

P, e, HC vs Eulerian side NP, but similarly hard mext

Circuit (EC).

© 2024 Dr. Muhammad Al-Hashimi KAU e CS-681 14
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NP-Complete Problems

> Polynomial reducibility

&S

No proof one is not possi-

e e, ccave. v NO PpoOlynomial algorithm (?)

lower bounds).
Deterministic (but not P), «~ polynomially
verifiable (so NP), easy reduction target

— (o Polynomially reducible%
=~ Examples -
A function to map yes/no
instances in polynomial
PeNPC & QSH} time -
All problems i'n NP 8 ! q., —p
mepebmomiatty 0 P eNP, yQeNP<,

qNoH pNo

&] I D CNF-SAT cook 1971 (Levin 73)
Proven NPC independently S
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NP-Complete Problems

Transitive polynomial
reductions lead back
to CNF-SAT (figure),
whatever proved there

2nd

SATISFIABILI

0-1 INTEGER

cLIrUE\\\\\\\\\\\\\\\\\ PROGRAMMING

NODE
COVER

applies. // \\
FEEDBACK FEEDBACK DIRECTED SET
NODE SET ARC SET HAMILTON
CIRCUIT COVERING
UNDIRECTED
HAMILTON
Exercise CIRCUIT
In which class does the
2-SAT fall? Cite appro-
priate reference, justify Kal‘p 1972

answer.

© 2024 Dr. Muhammad Al-Hashimi

SET
PACKING

3-

DOI 10.1007/978-1-4684-2001-2_9
Reducibility Among Combinatorial Problems.

Generation

- (avbvc)N(—avce)

7 (a+b+c)-(a+c)

TYEX\ eXam p les
(55

P;T\\\\\\\\\\ eAr

- SATISFIABILITY WITH AT
MOST 3 LITERALS PER CLAUSE

CHROMATIC NUMBER

EXACT
COVER

A

HITTING STEINER
SET TREE

CLIQUE
COVER

DIMENSIONAL
K
MATCHING KNAPSAC

SEQUENCING PARTITION

MAX CUT
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NP-Complete Problems
Practical Implications
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Karp 1972, Reducibility (S 2-Step proof (Karp 21)

Among Combinatorial
Problems.

(O

Similarly hard to any in ED SOlVing One is enough

NP including each other.

T et > Important to recognize

Solve, in theory, means for
all instances (quicksort

solves sorting efficiently |::> Interesting i“StanceS?

for all finite lists).

Branch-and-bound is

memenmarod e, 1HETE @re ways to deal with complexity
when we focus on some instances

© 2024 Dr. Muhammad Al-Hashimi KAU e CS-681 17
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©Term often used informally ;> NP-hal‘d [pl’Oblem]

to describe problems whose
decision version is NPC.

Exercise

e seannes o POlynomial time solvable

Deterministic algorithm solves problem
in polynomial runtime

Quiz

trmmnen > Polynomial time verifiable

circuit problem be poly-
nomially reduced to a

Eulerian circuit ques- Verify a SOlUtiOn in POlynomial time

tion?

Polynom reducibility to

any NPC is useful! E:> P()lyn()mial time red“Cible
Reduce to problem in polynomial time

2024 Dr. Muhammad Al-Hashimi KAU e CS-681 18
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> Polynomial efficiency

(O

Currently being chal-

‘S”f lenged by quantum

?
KPeP < P=NP Open questlon: P — NP 4 computers.

PcNP iff

rene ana vove 1S P @ proper subset of NP?

The Halting Problem is [ A
the most notable example \ ‘
of a problem outside NP. \ NP-Hard / NP-Hard

Exercise

What's the efficiency of a
sorting algorithm in which
permutations of input items
are checked until the right
(sorted) one is found?

Oddly, this is all we
seem to be able to do P # NP
for some interesting

problems!

P=NP=

NP-Complete

Complexity

P =NP

© 2024 Dr. Muhammad Al-Hashimi By Behnam Esfahbod, CC BY-SA 3.0, https://commons.wikimedia.org/w/index.php?curid=3532181 KAU o CS-681 19
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Check KP<,TSP

dure. { 2 Show TSP in NP (polynomially verifiable)
; @O
Step 2: use the pseudo- { 2 Is KP reducible to TSP? write a pseudocode
% Show TSP NPC based on the KP

to be polynomial.

commaoriaronen. REAA Karp 1972

DOI 10.1007/978-1-4684-2001-2_9

Specify TSP as decision problem

© 2024 Dr. Muhammad Al-Hashimi KAU o CS-681 20
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