e NP-Complete Problems

Color profile: Di:

Practical Implications

> Karp reducibility

step 2:
polynom
reduction

Recall, theory relies on decision
versions of such problems.

Exercise @@

Describe a polynomial func-
tion to reduce all-pair counts
of k-edge paths in graph to
problem of matrix multipli-
cations, determine efficiency.

Choices grow combinat- ° ° [

iy mesenen 0y COmbinatorial explosion
through an exponentially

increasing space.

CNF-SAT Noes 7
\\ o

N ,
NP & step 1:

in NP

o~ Interesting instances?

Branch-and-bound can cut search drasti-
cally for some instances (unpredictable)
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—==  Dealing with Difficulty

> Search/state space

ascsnone  EValuate partially constructed
solutions

When any solution is feasi- -
ble (e.g., HC in TSP), a path % Ba thra Ckl n g
may turn unpromising late,

requiring a backtrack to

look for the optimal one. % BranCh—and—bound (Optimization)

oo e State-space trees

tive search the search
space is made up of fully

formed solutions).
E:> Compal‘e methOds (tentative, more later)
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sabled

. Knapsack Problem
{1} 12 4
% f ? > Exhaustive search
4y 4 10
{5} 2 2
{12} 14 6
{13} 13 5

@014} 16 14 a Qﬂl

x(124} 18 16

x(134) 17 - "

x {1',;1;5} 18 va(ue . b

x{l,.Q.,éA} 19 - Wikimedia Commons Welght

(1245} 20 -

Xf1345} 19 -

Classic formulation (statement)
*1,2,345} 21 -
Clearly, once {1,4} is encoun-

Fit the most valuable set of items with-
rammomnnansme. - OUt @xceeding knapsack capacity
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' An Upper Bound

o Bounding function

Composite Default screen

@ 0> Bounds, rationale vamue per-unit weight
5 $25 5
3 %12 4

241 Vi+1

107343 = Example vt (W —w)

w.
{$42,$12, $40, $25} 10 i1

0
Qui
D::lslczribe (in words) the E:> State nOde
multiplicative ratio v/w in W V
the bounding function. N O O“

™ o A partial solution M
%‘ftreciii expression for % I n itia I ly, Sa Ck e m Pty

the initial upper bound. “21q1ss0d 1 ‘A3ovdpd Suruwwial uy

(anjpa uy) ppv 03 2210Y3 3529 ‘2'1 ‘(qI/$
10 8Y/qVS) yS1om aad anppa Ajduig
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Color profile: Disabled

Next Level

Try next highest per-unit value

bound — 1 + (W o 'LU) Vit1

. w .

1 10 s 1
® \ 7
A naturally binary decision o ]

to add or not item i=1.

Quiz / oW v /Wi |+ —
Why pick the bigger num- w v v
ber? " 1 4 40 76 60
4 40 (10— , 10-0)x6 2 7 42 6 <
76 -0)x
In remaining capacity, v=40 v=0 3 > 2 >
after weight 4 is fit (whose 4 3 12 4
value was 40), pick next l
item.
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Color profile: Disabled

A Search Tree

. Feasible solution

+1

Nodes reflect components 4 40
of a partial solution, transi-
tions choices leading to 76
another one.

+2

(O 2 7

Not feasible, i.e., exceeded <
capacity (10). 11 4 (10-4)x5 >
v=40

© 2024 Dr. Muhammad Al-Hashimi KAU e CS-681 6



Knapsack Problem
Branch-and-Bound

Composite Default screen

Red cards mark feasible

W5
solutions (criteria for a can- v+ (W — UJ) i+l
didate solution are satisfied), Wi41
green marks the optimal one
according to search.

rding r +2
3rd item can fit, adding Eowiovi vilw,
5, 25 to partial solu-
tion.
3 5 25
4 «

Last item (i=4) will not fit,
hence may not be added.

© 2024 Dr. Muhammad Al-Hashimi KAU o CS-681 7



T Branch-bound Knapsack

Color profile: Disabled

Check Result

Quiz iowio 2413 {1} T 42
Determine the counts: nodes : 4 40 3 4 {2} 3 12
x in tree, nodes bound
EZCkIe}d,r;i)dI::(s) be(funoc;1 ::lalcu- 2 7 Vi) 10 - {77 3» 47 5} {3} 4 40
lation avoided. 3 5 25 {$42, $12’ $40’ $25} {4} 5} 25
4 3 12 A A {12} 10 54
72 {1,3y 11 -
5 L o, ] {14} 12 -
- 2 {2,3} 7 52
o {24} 8 37
Wikimedia Cormmons % {3’4} 9 65 «
_ {123} 14 -
Exercise
Construct a tree for the { 1 3} {1 ,2,4} 15 _
Kaapsack etance fron ’ {134} 16 -
Exercise {2’3’4} 12 n
Compare to the exhaustive {1 ,2,3 ,4} 19 -

search solution. Hints: use
Excel to generate table, lookup
websites that generate subsets.

Efﬁciency? compare

© 2024 Dr. Muhammad Al-Hashimi KAU o CS-681 8
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Color profile: Disabled

Composite Default screen

Convert search of combin-

atorially increasing items

to a tree search (DFS, back-

tracking etc., guided by a
bounding function in
branch-bound).

© 2024 Dr. Muhammad Al-Hashimi

Branch-bound Knapsack

Compare Methods

From To

Search Sequential Tree
State-space Full solution Partial solution
Exclusion Cost function Boundary function
Optimal solution

Guarantee Always

At cost 02"

Solution path

KAU ¢ CS-681 9



T I Branch-bound Knapsack

Color profile: Disabled

Efficiency
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Color profile: Disabled
Iravelin 8 Salesman

abocde
a — 3 158
b 3 -6729
c 1 6 —-42
d 57 4 -3
e 8 9 2 3 —

(O
e cmeraton e ClASSIC fOormulation (statement)

torial object, arbitrary role
of tour start/end verts,

omenne o it Shortest tour through a set of cities vis-
auis iting each exactly once before returning

How many unique HC

are checked by exhaus-

tive search? (Ans. next to th e Sta rt
slide).

© 2024 Dr. Muhammad Al-Hashimi KAU e CS-681 11



18 1 2024 100959 AM Traveling Salesman

Color profile: Disabled

A Lower Bound

> Nearest pair average

An upper bound previ-
ously signaled a more
promising branch to find
an optimally maximized

value-sum. abocde
a —-—3158
abcde [[(1+3)+(3+6)+ (1+2)+ (3+4) + (2+3)]/2] b3-6709
SERSE
b3-6729 e 8923 —
c 16 —-42 a )

d574—3 ]4 abocde
e 8923 - a-31538
b3 -6729
P c16—-42
ab ad ' ae | d574-3
14 16| 7 e8923 -

Exercise
D) Writ i

abe 19 for indicated bounds.

© 2024 Dr. Muhammad Al-Hashimi KAU e CS-681 12
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Composite Default screen

. abocde
1ra — 3158
>b 3 -6 79
3¢ 1 6 —4 2
4d57 4 -3
5e 89 2 3 —

123451 24 152431
1,2,5.4,3,1
142351 28 14,5231
124351 24 154231
1,2,4,5,3,1

1,2,5,34,1
152,341

C Choices end

29
20
24
25
16 «
24

19

23
32

7 once the before-
C/’.\. last internal city
D

a is determined.

© 2024 Dr. Muhammad Al-Hashimi

Branch-and-Bound

Optimal Tour

o Live node
o Best-first rule

a
14
( \
ab ad ae Check paths start-
14 16| ; ing with 14, 15.
T
A~
abc 3 |abd abe Exercise
16] 16 19 Write an expres-
sion for indicated
\( \ \ N bound.
abcd abce abdc abde Exercise abcde
? 19 Check the tour length a-3158
of abdeca if it starts at b3-61709
abcdea abdeca b (bdecab). Write c16- 42
tOUI'S indicated tours. d574-3
e89 2 3 -

KAU » CS-681 13



Branch-and-Bound
Performance Summary

> Heuristic rule

Composite Default screen

e PR tunits
able time) unpredictable, lml a lons vs Oppor unl les
bounding functions vary

(some better tailored for
application or a subset of

imstances) ~ Compare to brute-force

Problem may suggest
heuristics to speed up
solution (cut branches
earlier, for example).

o Assignment vs. the other two
Tractable based on known efficiency

Compare efficiency of
solution of the assign-

maioenn e (NOW come?) Is there a lower bound?
B&B in textbook to the

best versions of the
Hungarian method and

- ¢T6 809
ivial 1 b d -f£r68e 91 =¢/C€ £ -t LSP S'8L =2/L€ ‘L€ = (6+2)
to a trivial lower bound. £oVLSP g = (cr)Hpre)T Tv - 9 L2 +HFHHEHDHEHOH(ETD)
¢ ? ! (9+D)+(9+€)+(€+T) 6.9 -¢€¢ (¥1)qe woiy
2 é ? < £ (F1)qe woxy cLg-c¢e Sunuiels ‘aqe apou g
Sunaeys oqe g1 8 :
apogqe apoqe
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