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® . some people consider it one of the most important

- - - - - ”
algorithmic discoveries of all time. Levitin, 3rd

> Fast Fourier Transform (FFT)

Involve evaluation of typically

large degree polynomials at a % Th e P ro b I e m (COm putatlona I IY)

large number of points.

e e e % Brute force approaches next

computer to run faster!

> Final project: a case study

% Research component

2 Evaluation exercise some practical skills
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> Polynomial degree

Evaluate the polynomial

«panr-carmi 0 Calculate p at an x-value (a point)

mental compuatation.

p(x)=a,x" + - +ax + ag

> Seems to involve

% Computing n terms of form a, ¢’
% Exponentiation of some constant

Definition naturally

saes minpiaion > oW well can we exponentiate?

as a basic operation.
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Exponentiation

To red time, rel <
oo e ey Brute force approach, solutions
than algorithm efficiency

(which deals with the run

{im growth) Directly apply definition, do all possible steps
or try all possible alternatives

The definition calls for

ne1 mults (roperands less o> IR exponentiation efficiency? obviously

one).

two. Hint: one mult is performed

in each recursive iteration. Ch eCk th e recu rre n Ces

Exercise

% l o n
pease o LD Alternatives? X -l
rite recurrence for the first x % x
Determine the efficiency of

( X 2) 2
divide-conquer exponentiation.

Is it a good idea? xn/2 % xn/Z
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' Brute Force Approach
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2x*—3x3+4x2 - 2x+ 1

Quiz

o ) °
iow many macpicasions VUL EIplications, M(n) = ? ma)y?
are needed for the example?

Determine M(4) by inspec-

tion first.

2 How many per term? x/, a,xx!

Write the s nce in gen- "
eral i runs om 1 o, then 2 HOW many terms? Note decreasing exponent

a summation.

Quiz

Is this approach favorable for % Res u Iti n g effi Ci e n Cy

a multipoint (¢, ¢,, ... ¢)
evaluation scenario?
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Polynomial Evaluation
Representation Change
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n
v

E .
Tl)-::s(;?:mp(x) to the alternate p(.X) = 2.x4 - 3)63 + 4.x2 - 2.x + 1

algebraic form.

<E@a»ch column (nested factor) = X ('x ('x (2’x o 3) + 4) o 2) —I_ 1
~

may correspond to an iteration
in a for-loop (note processing

order of coefficients). { 2X

Ox
2 L4 Mo
-1 + X
" = xa" -2
+
Once n-1 power of x is I L ht
obtained, do we really I::> nSlg
need to recompute it to
get the next power?

o M (Il) =7 By inspection? In general (guess)
&

Focus on developing the

procedure rather than E:> Pen-paper example X = 3, next

getting a final result.
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Polynomial Evaluation
Composite Default screen EX ampl e

Helps to view an initial inner

factor associated with coeffi- Down the ladder (n = 4)

cient a,

v

)X
r(x(z(2)z—1) - 2 ()X

UL
()X
+4\f —Z\f'

+1

(O

Design iteration based on
natural coefficient specifica-
tion (see general form), there-
fore, P[0..n] where P[0] < ay,.
For example, {+1,-2,+4,-3,+2}.
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Composte Dot scroon Horner / S Meth()d

(O4
Input array index follows Algorithm Horner

term exponent

Input P[0..n] coefficients ag---a,, of polynomial p, point x

X Output Polynomial value p(x)

2

2

: p < P[n]

1
1
JEJB 5‘; 2: fori < n—-1downto 0 do
J 3:
4

p < xXp+ P[i]
: return p

Quiz

wasweansonet 0 Efficiency
o> Applications

operation?
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Conclusions
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= Exponentiation strategies

(Cl:)lrirfpare efficiency (the E:> POlynomial evaluation

3 discussed algorithms).

N 2 Via exponentiation

A representation change
proves to be a better strategy

om0 Using Horner's method

Can we do better? In

oo e . Mutltipoint scenario efficiency

we can only do bubble or
selection sort class compu-
tations!
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Binary Exponentiation
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The calculation sequence L
suggested by Horner’s I::> Key ldea
method + an older idea of

exponentiation via successive
squaring lead to algorithms

matwiize s chanseof e @y, S CCE@SSIVE squaring

0
. L)Y !
% Simple examples next .« ()Joz b
xa 0

Use figure to generate a2? I::> Pen-paper procedure

(binary exponent 10110).
Compare to the one depict-
ing Horner’s method.

o Algorithms gater)
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e R Binary Exponentiation
Examples

(O

The number of steps needed L

to calculate an COiII:CideS with Steps — blnary length - 1
the subscript of the left-most

bit of the exponent if bits

were (classically) labeled

right-to-left starting from 0. 3 1 3210
as(:wZ@ 000 a]3<:>‘ 101)
1 a-a=a2 1 a-a(a) = a2
27 a2-a2 = g4 2 a3 - a3 = g6
3 g4-34 = g8 3 a6.a6(a)=a13
Exactly k=3 steps Still k=3 steps but
in general for 2k k= |log,n|
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@
Exercise Algorithm binaryExponentiation

Compare to a decrease-by-

constant factor solution Input Number a

based on the formula (a”/?).

Input Binary representation by --- by b of integer exponent n > 0

Output 4"

I: pea
Essentially, iterate on an 2: f()r 1 «— k -1 d()wnt() 0 d()
exponent’s logarithm (rather
than the exponent itself). 3 p “— p X p

4  if b; = 1 then

1 \(ﬂ D 5 p<—pxa

Exercise 6: return P

Modify the pseudocode to

initiali ith 1. Will for- Eff. 7 7
il i 1. il et iciency?’
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